Abstract: The aim of this paper is to prove that there is a projection of an arbitrary k -simplex onto (m − ℓ) -subsimplex, where 1 ≤ ℓ < m ≤ k − 1, which is a derivation. Keywords: endomorphism semiring of a finite chain, differential algebra, simplicial complex, derivations in semirings.
Introduction and preliminaries
Differential algebra is an area of algebra in the study of algebraic structures equipped with one or finitely many derivations that are additive maps satisfied Leibniz product rule. A simple examples are the usual derivatives on various algebras consisting of differentiable functions in sense of analysis. In 1950, Ritt [5] and in 1973, Kolchin [3] wrote their classical books on differential algebra. During the last few decades there has been a great deal of works concerning derivations in fields and rings, in Lie rings, in skew polynomial rings and other algebraic structures.
About derivations in semirings we know: the definition in Golan's book [1] , properties of derivations in strings and some simplicial complexes of strings - [9] , the projections on the strings or on the triangles of 2, 3 and 4 simplices which are derivations - [11] - [14] , the projections on the triangles △ (n) {a 0 , a 1 , a m }, where 2 ≤ m ≤ k−1, of an arbitrary simplex σ (n) {a 0 , a 1 , . . . , a k−1 } which are derivations - [15] , the projections on the all basic strings of an arbitrary simplex σ (n) {a 0 , a 1 , . . . , a k−1 } which are derivations - [16] . The theorem proved here generalise most of these results.
(R, ·)
is a semigroup, 3. distributive laws hold x·(y +z) = x·y +x·z and (x+y)·z = x·z +y ·z for any x, y, z ∈ R.
For a join-semilattice (M, ∨) set E M of the endomorphisms of M is a semiring with respect to the addition and multiplication defined by:
• h = f + g when h(x) = f (x) ∨ g(x) for all x ∈ M, • h = f · g when h(x) = f (g(x)) for all x ∈ M. This semiring is called the endomorphism semiring of M.
In this article, all semilattices are finite chains. Following [7] we fix a finite chain C n = ({0, 1, . . . , n − 1} , ∨) and denote the endomorphism semiring of this chain with E Cn . We do not assume that α(0) = 0 for arbitrary α ∈ E Cn . So, there is not a zero in endomorphism semiring E Cn .
In [10] there is a new treatment of the subsemirings of endomorphism semiring E Cn of a finite chain. For arbitrary elements a 0 , a 1 , . . . , a k−1 ∈ C n , where k ≤ n and a 0 < a 1 < . . . < a k−1 we denote A = {a 0 , a 1 , . . . , a k−1 }. Now, consider endomorphisms α ∈ E Cn with Im(α) ⊆ A. The set of the all such endomorphisms α is a maximal simplex. We denote this simplex by σ
Addition and multiplication of endomorphisms
Here we show how to signify the sum of two endomorphisms.
Then γ = α + β.
Proof. From (1) follows
Hence, γ ∈ σ (n) {a 0 , . . . , a k−1 }.
On the other hand, from t ≤ s p=0 j p it follows that β(t) ≤ a s .
Thus γ(t) = max{α(t), β(t)}.
Let us suppose that
Now γ(t) = β(t) ≥ a s+1 and also γ(t) = max{α(t), β(t)}. Hence, we prove that γ(t) = α(t) + β(t).
For multiplication of two endomorphisms
j p = n, we consider the following notations.
Let β(a 0 ) = a ′ 0 and n 0 be the greatest number such that β(a 0 ) = · · · = β(a n 0 ) = a ′ 0 . Let a n 0 +1 be the next element in {a 0 , . . . , a k−1 } after a n 0 and β(a n 0 +1 ) = a ′ 1 . Let n 1 be the greatest number such that β(a n 0 +1 ) = · · · = β(a n 1 ) = a ′ 1 . So, we define a partition of the set {a 0 , . . . , a k−1 } with properties 
So, n r−1 + 1 is the smallest number such that
In (3) we note that 1 ≤ u ≤ k − 1, n u−1 + 1 is the smallest number and n u is the greatest number such that β(a
Let us consider the map
where 0 ≤ ℓ < m ≤ k − 1 and a ℓ , . . . , a m are consecutive elements of the set {a 0 , . . . , a k−1 }, so that for any endomorphism α ∈ σ (n) {a 0 , . . . , a k−1 },
Lemma 2. For any endomorphisms α, β ∈ σ (n) {a 0 , . . . , a k−1 }, it follows
Now we consider
h p and min
Let us consider the set below:
For α, β ∈ S k−1 m−ℓ we find
where 0 ≤ p ≤ ℓ, 0 ≤ q ≤ ℓ and
Also it follows
So, we prove
Thus, we prove
m−ℓ and let assume that β(a 0 ) = · · · = β(a ℓ ) = · · · = β(a q 0 ) = a q , where q 0 ≥ ℓ be the greatest number with this property and q ≥ ℓ + 1. Case 1.1. Let us assume that the image of any element of the set {a m+1 , . . . , a k−1 } under the endomorphism β is smaller than or equal to a m , so, we suppose that β(a k−1 ) = a
using that ℓ ≤ q 0 and r ≤ m, it follows ∂ k−1 m−ℓ (α)β = αβ. It is clear that
Let us assume that the image of any element of the set {a m+1 , . . . , a k−1 } under the endomorphism β is greater than a m . Then
Note that the indices s q+1 , . . . ,
and using that ∂
Let us assume that only images of some of the elements of {a m+1 , . . . , a k−1 } under the endomorphism β are smaller than or equal to a m . So, we suppose that β(a k−1 ) = a ′ k−1 = a r > a m and there exist a number t, m + 1 ≤ t < k − 1, such that β(a t ) < a m . Let t be the smallest number with this property. Hence, a
Case 2. Let β ∈ R k−1 m−ℓ . Case 2.1. Let us assume that the image of any element of the set {a m+1 , . . . , a k−1 } under the endomorphism β is smaller than or equal to a ℓ . So, we suppose that β(a k−1 ) = a
Let us assume that the image of any element of the set {a m+1 , . . . , a k−1 } under the endomorphism β is smaller than or equal to a m . So, we suppose that β(a k−1 ) = a ′ k−1 = a r , where ℓ < r ≤ m. Let β(a t ) ≤ a ℓ , where ℓ ≤ t < k − 1 and t be the greatest number with this property. Hence, a
Note, that generally we observe ∂
and using that a ′ t ≤ a ℓ and a
m−ℓ (β). Case 2.3. Let us assume that the image of any element of the set {a m+1 , . . . , a k−1 } under the endomorphism β is greater than or equal to a m . Then, considering reasonings similar to those in Case 2.2 and (3), it follows
where ℓ ≤ t ≤ m and t be the smallest number such that β(a t ) ≤ a ℓ . Now, it follows
m−ℓ (β). Case 2.4. Let us assume that only images of some of the elements of {a m+1 , . . . , a k−1 } under the endomorphism β are smaller than or equal to a m . So, we suppose that β(a k−1 ) = a ′ k−1 = a r > a m and there exist a number t, m + 1 ≤ t < k − 1, such that β(a t ) < a m . Let t be the smallest number with this property. Hence, a ′ t < a m ≤ a ′ t+1 . Let q be the greatest number such that β(a q ) ≤ a ℓ , where ℓ ≤ q < t. Hence, a
Now, it follows
Generally we observe ∂
we have a
So, first multiplier in the representation as a product of α∂
Proof. From the lemmas we obtain that ∂
m−ℓ , then it follows β(a m ) > a m . Let t > m be the smallest number such that β(a m ) = a t , so a ′ t−1 ≤ a m < a t . Let q be the greatest number such that β(a q ) ≤ a ℓ , where ℓ ≤ q. Hence, a
Hence, it follows
p=m ip , it follows by reasonings similar to those from Case 2.4 of Lemma 6, that
when β(a ℓ ) = a ℓ 0 < a ℓ . In both cases, since a t > a m we have that ∂ 
Projections onto the smallest m -simpleces
Here we consider the derivation from the previous section in the case when ℓ = 0. So, we explore the map
where 0 < m ≤ k − 1, such that for any endomorphism
Immediately from the theorem, it follows that
m is the maximal subsemiring of σ (n) {a 0 , a 1 , . . . , a k−1 } closed under this derivation.
Analogously, for any integer m 1 , where 0 < m 1 < m, we consider the derivation ∂
From theorem, using the last derivation we can construct
which is a derivation and
. . , a m } closed under this derivation. So, we consider a new derivation
and obtain that for any α ∈ D
m . Note that the last composition is possible for arbitrary number m, where m 1 < m < k − 1.
In the semiring
we can represent any derivation as composition of two or more derivations. In the case when k = n, i.e. σ (n) {a 0 , . . . , a k−1 } = E Cn the semiring
is well known -it is the subsemiring ON n of over nilpotent endomorphisms, see [7] . Hence, semiring ON n is closed under any derivation ∂ n−1 m , where m = 1, . . . , n − 2. The order of this semiring is the n-th Catalan number
The semiring ON n has a zero element 0 and we can consider the subsemiring N n of nilpotent elements, i.e. the endomorphisms α ∈ E Cn such that α m = 0 for some positive integer m. It is known, [7] , that N n is an ideal of ON n and it is consists of all endomorphisms α such that α(t) < t for any t = 1, . . . , n − 1. The order of the ideal N n is the (n − 1)-th Catalan
Corollary. The ideal N n is closed under arbitrary derivation ∂ n−1 m , where m = 1, . . . , n − 2.
m (α)) (t) = a n−m ≤ α(t) < t.
5 Projections onto the greatest k − ℓ -simpleces
Here we consider the derivation from the section 3 in the case when m = k − 1. We explore the map At last for arbitrary integers ℓ and ℓ 1 , where ℓ < ℓ 1 < k − 1, using theorem, we can construct the derivation for any number ℓ 1 , where ℓ < ℓ 1 ≤ k − 1.
In the semiring where C p is the p-th Catalan number.
